Appendix

A Notations

Given weight matrix P € Si . recall the weighted vectors defined in (0). We define the quantity 0,,

AT A
5 — 9 St
COS(Ht) = T - (26)
1118l
We also define the following terms which play important roles in all the convergence analysis,
R xs) — f(x R G || . T . g §
pt = w, qt = %7 mt = yf ;’ nt = yf_l_i . (27)
—Jy St flay) = flay) [[5ell —G; St
Moreover, we define that
go =V f(2.) 2 g0 (28)
For 11,79 € [0, 1], we define the Hessian matrices J; and G, as
Jp = VZf(l‘t + 71 (l‘t+1 — l‘t)), (29)
Gy = V2 f(xr + To(xe — x4)). (30)

We have that y; = Vf(zip1) — Vf(2e) = Ji(wpg1 — o) = Jise and V() = Vf(xe) —
Vf(x.) = Gi(zy — x,) for some 71, 72 € [0, 1] by mean value theorem.

B Lemmas and Propositions

Lemma B.1. Consider the BFGS method with Armijo-Wolfe inexact line search, where the step size
satisfies the conditions in ) and (©)). If By is symmetric positive definite, we have f(x¢4+1) < f(2¢)
and the following results hold:

_ T
PEpAC Ol (CE2V SNSRI 1S ) (31)
—G; St —g; St
Proof. Please check Lemma 2.1 in [42]. L]

Proposition B.2. Let { B, };>0 be the Hessian approximation matrices generated by the BFGS update

in {@). For a given weight matrix P € S‘i 1, recall the weighted vectors and the weighted matrix in
@]). Then, we have that for any t > 0,

. . & cos? 0
U(Biy1) < V(By) + M —1+log —, (32)
Y St my

where M is defined in (27) and cos(0:) is defined in 26). As a corollary, we have that for any t > 1,

t—1 2 é R t—1 A 112
Y log s (03) 5 _w(By) + (1 - ”yT I ) . (33)
y m; : ; Si
=0 i=0 ?
Proof. Please check Proposition 2 in [41]]. O
Lemma B.3. Recall the definition of function w(z) in (I0) and define the function w.(x) as
we(x) := —x —log (1 —x), Vo < 1. 34)

We have that

(a) w(x) is increasing function for x > 0 and decreasing function for —1 < x < 0. Moreover,
w(x) > 0 forall x > —1.
(b) When x > 0, we have that w(x) > 2(%@
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(c) When —1 < x < 0, we have that w(z) > 2%”

(d) When 0 < z < 1, we have that w,(x) < 2(117:«)

(e) We have 2z + 28 < w™(2) < V2x + x, where w™" is the inverse function of w(x) when
x> 0.

Proof. Please check Lemma G.1 in [42] for the proof of (a), (b), and (c). Please check Lemma 5.1.5
from [46] for the proof of (d) and Lemma A.1 from [40] for the proof of (e). O

Lemma B.4. Recall the definition of function w(x) and w.(z) in (I0) and (34). If Assumption
holds, we have that

4 M
F) = @) +9@) (v =) + 305y = 2ll). (35)
Moreover, when |y — x|, < 2. we have that
4 M
F) < @) +9(@) (v =) + 350 (5 v = 2ll)- (36)
Proof. Check Theorem 5.1.8 and Theorem 5.1.9 of [46]. O

Lemma B.5. Suppose Assumptions 2.2 holds, and recall the definitions of the matrices J, and Gy in
(29) and (30), and the quantity Dy in (L1)). The following statements hold:

(a) For anyt > 0, we have that

1

5D V2f(x.) = V2f(zg) = (14 D)V f(xs). (37)

(b) For anyt > 0, we have that

1

) V23f(2.) =2 Gy < (14 D)V f (). (38)

(¢) Foranyt > 0and T € |0, 1], we have that

1
1+ D,

Gy X V2 f(xy + 1(xs — 24)) < (14 Dy)Gy. (39)

(d) Suppose that f(xi11) < f(x¢) fort > 0, we have that

1
1+ D,

V2f(2.) = Jp = (14 D) V2 f(xs). (40)

Proof. Proof for (a): In Lemma take y = x; and © = ., we have that w( ||z, — 2. |,,) <

MTz(f(xt) — f(z4)). Hence, we have that
2 M?
z. < Mwil(TCt)'

In Assumptions 2.2} take z = x4, y = . and z = ., we prove that

z: — .

V2 f(xe) =2 (1+ M|z — 24l2.) V2 ) = (1+ 2ffl(]\4701&))V2f(l“»«) = (1+ D)V f(z).

(41
Similarly, take x = z,, y = x¢, 2 = x, and w = x, we prove that
1 1 1
V2 f(x) = V2 f(xy) = V2 f(xy) = V2 f(xy).
(42)
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Proof for (b): Recall the definition of Gy in (30). Notice that ||z; + To(2x — 2¢) — ||z, = (1 —

Tt =2z, < || Tt—2u ||z, < %w‘l(%ﬂ@). Similar to the arguments in (a), in Assumptions

take © = x; + 7o(xs — 1), y = x4 and z = x,, we prove that

G X (1+ Mz + 7(xh —24) — m*||z*)V2f(gc*)

e (43)
< (1+ 2w*1(70t))v2f(x*) = (1+ D)V2f(x,).
Similarly, take © = x,, y = x; + To(x« — x¢) and z = x,, we prove that
1
Gy = V2 f(zs
P M|y 4 (0 — 1) — 2o, /(@)
1 , 1 , 44)
v x) — v *
ey V@) = T V)
Proof for (¢): Notice that ||z; + 7(zx — 2¢) — (2t + T2 (@ — 2¢)) |2, = |7 — 2|2 — Till2, <

lz: — iz, < %w‘l(MTQCt). Similar to the arguments in (a), in Assumptions , take x

e+ 7(xs — 1), y = T + T2(xs — 2¢) and z = x,, we prove that

VQf(xt +7(xe —2)) 2 (14 Mz + (20 — 2¢) — 24|

2.)Gl

1 M2 (45)
j (]. + 2w™ (74 Ct))Gt = (]. + Dt)Gtc
Similarly, take © = x; + To(zs — 2¢), y = x4 + 7(xx — 24) and z = x,, we prove that
1
V2 (a4 (s — 24)) = G
f( t T( t)) =1 + M”Z‘t ¥ T(Z‘* — xt) — .I‘*| o t (46)

- - S e
Tl (o) 1D

Proof for (d): Recall the definition of J; in (29). Notice that ||x; + T(z¢41 — 2¢) — Tz, =

2 2 2
(A=) zt=@ullo. +7l[Te11 =il < (1=7)Fw (PO +T7w  (MCh) < Fw (MG
where the last inequality holds since f(z;11) < f(2;) and w~!(z) is increasing function. Hence,
similar to the arguments in (a), in Assumptions take x = xp + 7(x441 — 1), Yy = T4 and 2 = T,
we prove that

Jt j (1 + M”"Z}t -+ T($t+1 — IL't) — T m*)VQf(IE*)
A2 47)
<1+ 2w*1(70t))v2f(x*) = (14 Dy)V2f(x.).
Similarly, take z = x,, y = x; + 7(x4« — x;) and z = z,., we prove that
1
Jp = \v& Ty
"B T Mot o — ) — . )
1 , 1 , (48)
Vef(x,) = V= f(ay).
T 142w (M) fe) 1+ D, fla)
O

Proposition B.6. Let {x,};>o be the iterates generated by BFGS. Recall the definitions of weighted
vectors in Q) and notations in 7). Then, for any weight matrix P € S‘i L andanyt > 1, we have

et s (- (Maan=®)'). @

Proof. Please check Proposition 1 in [41]] O

Lemma B.7. Suppose Assumption holds for the convex objective function f(x) and recall the
definition g, in (28)) and Dy in (T1). We have the following condition,

1911 51
f(@e) = f(ze) = 1+ Dy’

vt > 0. (50)
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Proof. Since f is convex, we know that for any x,y € R?, we have f(y) > f(z) + g(z) T (y — 2).
Take x = x4 and y = x,, we obtain that

f@e) = f(x.) < g (4 — ).
Using mean value theorem and the fact that V f(z.) = 0, we have that
gt =V f(xy) = Vf(ay) = V() = Gz — x4),
where G, is defined in (30) for some 72 € [0, 1]. Hence, we prove that

fla) = fla) < g (w—2) =g/ G Mg
2
= (1 + 2w_1(ﬂict)> 90 V2 f(2) g = (1+ Dy) [|ge1%,

where we use the result in (38)) from Lemma [B23] O

Lemma B.8. Suppose Assumption holds for the convex objective function f(x) and recall the
definition g, in (28)) and Dy in (T1). We have the following condition,
=012
2 _ Jal

2

Proof. By applying Taylor’s theorem with Lagrange remainder, there exists 7; € [0, 1] such that

Flae) = £(ea) + VI @) (@ = 2) + 5@ — ) V2 f (e + s — )@ - 2.)

1 (52)
= flae) + 5(@e = 2.) TV f (@ + Fol(we — ) (w0 — 2),

where we used the fact that V f(x.) = 0 in the last equality. Moreover, by the fundamental theorem
of calculus, we have

V(@) = V(@) = V2 f (@ + 7(20 — 20)) (21 — 34) = Gy — %),

where we use the definition of G in (30). Since V f(z.) = 0 and we denote g; = V f(z;), this
further implies that

oy — 2 = Gy (V1) = V(@) = Gy g (53)
Combining (52) and (53] leads to
1 _ - _
flx) = flze) = §gtTGt "W (e + Fo(we — 24))Gy g (54)
Based on (39) in Lemma we have V2 f (2, + (2« — 24)) = (1 + D;)Gy, which implies
G2 f(xy + Fu(we — )G = (1 4+ Dy)2G L. (55)
Moreover, it follows from (38) in Lemma B.5|that - +1Dt V2 f(x.) < Gy, which implies that
Gyl 2 (1+ D) (V2 () (56)

Combining (33) and (56)), we obtain that
Gy IV f (e + Folws — 24)) Gy = (L4 Do)* (V2 f(2)) 7
and hence
9 GT'V2 flag + Tl —20)Gy g < (L4 Dy)°g) (V2 f () g
By using (54)) and the fact that g, (V2 f(,))"1g; = ||G¢]|?, we obtain that
a2 o 2
fl@e) = flae) = (L4 Dy)?’

and the left claim follows. Using the similar method, we can prove the right claim. O
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Lemma B.9. Suppose Assumptlon.holds and C; < min{ 6 2 w(%)} and py > % at iteration
t, then we have that

f(@e +di) < f(2e). (57)
Proof. Notice that using (37) from Lemma[B.3] we have that
df V2 f(xz)d, < (1+ Dy)d] V2 f(x.)dy = (14 Dy)||di|* (58)
Since —g; d; < ||G||d;| by Cauchy-Schwarz inequality where §, = V2 f (x*)_% gt, we obtain

||d I . ||d ||2 .
- t

Using the right inequality in Lemma@ we have that
1G:/1* < 201+ Dy)*(f(20) = f(w)) = 2(1 + Dy)*Cy. (60)
Leveraging (38), (39) and (60), we obtain that

di V2 f(zy)dy < (14 Dy)|de|)? <

el = gelli = < 19l

1+Dt 2(1+ Dy)3

|| t||2 Tct

Since C; < X, D, = 2w’1(M—20t) < & and p; > 12, we have that

16°

[2(1+ D)
AT V2 f(2)dy < + 21+ D)

Applying the second inequality from Lemma[B.4|with # = z; and y = x; + d;, we have that
flae+de) < fle) + 9 de + wn(lldelz, ),
since ||d¢||z, = V/d] V2f(z4)d; < 1. Using (d) from Lemma we have that

[1dellZ,
2(1 = ldll.e,)

Applying the fact that ||d¢||», = v/d{ V2f(x¢)d; < 32 and (]3_§D, we have that
lldellZ,

16’

Flae+de) = fze) < g de +willldellz,) < g/ de +

15 ~
flag+di) = fxr) < g/ dy + s 7— < g/ dy + ||dt||zt < g di+ = (14 Dy)|de?
2(1 = |[d¢lz,) 17
15 Ak 15 e |2
=gq'd 1+ D Td d 1+ D 1
=gy dr + 7( + t)fgtTd( gy di) = (17( + t)fgtdt )
151+ D,
.
= d -1
—9¢ t(17 )
(61)
Notice that —g, d; = —g;' B; 'g; > 0 and when D; < = and p; > 12, we can verify that
B1+D 1.
17 Pt -

Therefore, (61) implies the conclusion that
flae+dy) = fze) <0
O

Lemma B.10. Recall p; = M and ny = y; St defined in (Z77). If the unit step size n, = 1
satisfies the Armijo-Wolfe conditions (3) and (6), then we have that

1+D 1
R (62)
2pt (1+ Di)pt

Dy >1—
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Proof. Please check Lemma 6.1 in [42]. The only difference is that C; is replaced by D, defined in

(). O

Proposition B.11. Let {B,};> be the Hessian approximation matrices generated by the BFGS
update in @). Suppose Assumptions holds and f(xi11) < f(xy) for any t > 0. Recall the
definition of V(.) in @) and Dy in (T1)), we have

t

I
-

t—1

w(pi —1) < U(Bo) +2)  Di. (63)
=0

Il
=)

Proof. Please check Proposition G.2 in [42]. The only difference is C; is replaced by D; defined in
(. O

C Proof of Lemmas, Propositions and Theorems

C.1 Proof of Proposition 2.1

We use induction to prove that z; = Ady and By = (A~1)TB,A~! for any ¢t > 0. Notice that
when ¢ = 0, we already have that 2y = Adq and By = (A~)T ByA~! since i = A~ 'z and
BO = AT By A where A is non-singular. Suppose that the conditions hold for t = k with & > 0, i.e.,
xp = Aiy and B, = (A~') T BLA~'. We consider the case t = k + 1. We have

Tk+1 — Tk — T]kB,:1Vf(CUk) = A.’tk - T]kABglATVf(A(Ek)
= Aiy, — i AB AT (AT T IV (iy) = A(iy — mi By 'Vo(iy)) = Adgyr.

Suppose that §;, = &1 — @ and g = Vo (ira1) — VP(ak ), we have that s, = xp1 — z = Ay
and y, = V(1) — Vf(xr) = V(Adry1) = VI(Aiy) = (AT) " (V(Er1) — Vo(ig)) =
(AT)~19,. Hence, we have that

Bisisi Br  yryy

Bry1 = By —

sg Bisy, Sp Yk
(AT B (AT By A A AT(AD)TBLA™Y (A7) gyl A1
B b $RAT (AT B A=1 A4y, AT (AT) "1y (64)
. Bisp$! Br  Uwy)
~ary (- BB L) o
& DESk Sk Yk

— (Ail)TBk_;'_lAil.

We prove that 231 = Adjpyq and Bypq = (A~ T By AL Therefore, we prove that i, =
A~'z; and By = AT By A for any t > 0 using induction. It is obvious that ¢(i;) = f(Ai;) =
f(AA=L2,) = f(x) for any t > 0. Therefore, The BFGS quasi-Newton method is affine invariant.

C.2 Proof of Theorem 3.1]

We choose P = (1 + Dy)) V2 f(z.) throughout the proof. Note that given this weight matrix P, it

can be easily verified that for any ¢ > 0,
Al _ 8 J2s, < || =

S

where J; is defined in (29) and we use (@0) in Lemmaas well as the fact that f(xs11) < f(z4),

D; < Dy and w™! is increasing function. Hence, we use (33) in Proposition with By = By
defined in ((12) to obtain

2 -3 2 =3
IV2f (@) 2 JiV2f (@) 2] 1+ De (65)
1+ Do 1+ Do

t—1 2 é t—1 ~ 112
Stor 0 > w4 3 (1- 20 > —ua)
=0 i i=0 S; Yi



which further implies that

t—1 A

11 COS?(@Z) > e~ (Bo).
= M

Moreover, for the choice P = (1 + Dg) V2 f(z), it can be shown that

A ||.§~7t||2 1 1
4T A Do) — f@n) = L+ Do)+ D) = (14 D) (66)

by using result in Lemma[B.7] From Lemma[B.1] we know p; > «vand 72, > 1 — 3, which lead to

O piuidi  cos?(6;) a(l-5)\' —W(Bo)
(125 o= Tndo T 52 ()

= =0 =0 =0

Thus, it follows from Proposition [B.6] that

19t _
. t _w(B \ !
fze) — f(zs szqmz cos? éz) < (1= a(l —pB)e 2‘ .
f@w—f@ L5, (1+ Do)

. . . . = _wBy)
This completes the proof. (]E) can be easily verified since when t > W(Bj), we have e > 3.
C.3 Proof of Theorem 3.3
First, we prove the following result holds:

_ v(B+3TiZi D \
Fl@e) = flae) < (1 —2a(l— Bl > _ (67)
f(xo) — f(z)

We choose the weight matrix as P = V?f(z,) throughout the proof. Similar to the proof of
Theorem 3.1} we start from the key inequality in (@9), but we apply different bounds on the §; and

cos (

) Spemﬁcally, we have that

g2 8] J23 1 _1

i = T, <M=V @) @) < 14D (68)
t Yt Ji5

where J; is defined in (29) and we use (0) in Lemma [B.5|as well as the fact that f(x¢41) < f(zy).

Hence, we use (33) in Proposition[B.2] with By = B, defined in (T2) to obtain

0082(9*) IIyzH 2
> log—- +Z< ) > —W(Bo) = Di,
i=0 =0
which further implies that
= COS2(éi) (B 2o Di
H _ > e V(Bo)-3iC (69)
my
=0
Moreover, since §; = f(lt\l)gi\;(z*) > (nglﬁmc e for any ¢t > 0 by using Lemma we obtain
1 Ct

that
t—1 t—1

H%—H +QD)2—2tHe D= ote?Xin D, (70)

where we use the mequahty 1+ 2 < e” for any x € R. From Lemma[B.I] we know p; > « and
ny > 1 — 3, which lead to

—1
[[pii = o'(1 - B)". (71)
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Combining (69), (70, (7I) and (@9) from Proposition[B.6] we prove that

14t

L6 ’ v(By+3siZ} b, t
et - (TP | < (i-mo-peseesiey)

This completes the proof. Notice that when

t—1
t>W(By)+3» D (72)
=0
(67) implies the condition that
flae) = f(x) 20(1 - B)\' 20(1 - B)\'
f(fvo)—f(x*>§(1 c ) §<1 3 > ’

which leads to the linear rate in (I8).

(73)

Hence, it is sufficient to establish an upper bound on Z —0 D We decompose the sum into two
parts: ZZ[ESBUH ' D; and Zi:rq,(Bo)] D;. For the first part, note that since f(z;+1) < f(z;) by
Lemma|B.1| we also have D, < D; fori > 0 using the fact that w~" is increasing. Hence, we have
ZW(BO -1 D; < Do[¥(By)] < Do(¥(By) + 1). Moreover, by Theorem when t > W(By)

we have . t
w<<lew(fwa(15)) <<1OM>
f(xo) = flax) — (1+Dg)2) — 3(1 + Dy)?
Hence, using the fact that w™! (z) < V2 + 2 and the definition of D; in @), we obtain that
t t t t
M M?2 \/iM M2
D; < —V20; + —C(;) = —— V0O +— C;

i=[¥(Bo)] i=[¥(Bo)] i:W(Boﬂ i=[¥(Bo)]

_V2M ; flai) = fz,) | M? () — flxx)
_2\/60“&2(: Bo)] I +TCOZ wz(;soﬂf( o) = (@)
M a(l—8) \* M2 ! al-p) '
Y22 /G 1- =20 + = C 1 -
Ol g(; ( 3(1+ Do) ) 1 _[g(:Boﬂ< 3(1+ Do) )
M al—p) \* M2 & a(l—B) \
\/60;(1_3(1+D0)2) +4C°;( 3(1+Do>2)
V2M 6(1 4 Do)? M? | (3(1+Do)®
< (s ) e (s )
where we usedthe fact that ) .o, (1-p)z = \/7 = VIzptl=p < 2 —land > 2, (1—p) =

1-v1- P
% = - — 1 forany p € (0,1). Hence, by comblmng both 1nequa11tles, we have

- [¥(Bo)]-1 t
ZDi = Z D; + Z D;
i=0 i=0 i=[¥(Bo)]
M 6(1+ Dg)?  M? 1+ Dg)? 74
\[\E(+O)+—03(+O) (74)
(1 -8 4 " a(l=p)
3(1+ Do) -, 3(1+ Do)*
= DoV (M~/2 — < Dy | ¥(B —_—
0 V Co+ C’o o(1=B) o ( ¥(Bo) + o(l-p) )
where the last inequality is due to (d) from Lemma[B.3]and the definition of D, in (TT). Hence, when
t—1

+> W(Bo) + 3Dy <‘I’(Bo) n M) > W(Bo)+33 D,
1=0

using result from (67)), we have the linear convergence rate in (T8).

< Do¥(Bo) + 5
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C.4 Proof of Lemmald.1]

Denote Z; 1 = z; + dy and 5, = Ty41 — &, = d;. Since §; < min{7s, ;7w (55)} and 6 > 12,
we have f(Z441) < f(z¢) from Lemma[B.9] Using Taylor’s expansion, we have that f(Z;41) =

f(@e) + gf dy + 3d] V2 f (24 + 7(Zy41 — 2¢))dy, where 7 € [0, 1]. Hence, we have

f@e) = f@es1)  —gd di — 5d] V2 f (@ + 7(T1 — 1)) dy

-9/ di —g; d

B ld;rvzf(xt + 7 (Zpp1 — ) ds 1 L+ Dy df V2 f(x.)d; . 1+ Dy
2 —g; d B 2 —g{ dy 2p¢

where we apply the @0) from Lemma [B.3]since f(Z:41) < f(2:). Therefore, when C; < &; <

=1

V2(1—a)-1 . —f(®
—Afﬁw(i( 2&) )and p; > Jg > 72(1—04)’ we obtain that 7f(mt)_g§(dik“) >1- —1;{” =1-
1+2w™ (M cy) . . . . ..
— 2 and unit step size 7, = 1 satisfies the sufficient condition (3).

Similarly, using (@0) from Lemma [B.5]since f(Z:+1) < f(z;) and denote gi11 = Vf(Z¢41),
Yt = Gk+1 — Yt> We have that

g;rgt _ §;|—Jt§t _ d:Jtdt 1 d:V2f(m*)dt _ 1
-9'5%  —9/s —g/d ~1+D; —g/d; (14 Dy)p:
T -
Therefore, when C; < 01 < %W(%(ﬁ — 1)) and p; < 03 = ﬁ we obtain that % >

1 1
(I+D)pe — (1420w 1(42C,))p,
-9, 5( — B) + g/ 5 = By, 5: = By, d;. Hence, unit step size 1, = 1 satisfies the curvature
condition (6). Therefore, we prove that when C; < §; and d2 < p; < d3, step size 1, = 1 satisfies
the Armijo-Wolfe conditions (3)) and (6).

> 1 — (3, which indicates that g;_ldt = gtT_HEt =y, 5 + g/ 5 >

C.5 Proof of Lemma[d.2]

Since in Theorem 3.1} we already prove that

flwo) = fla) — (1+ Do)? ‘
This implies that

¥(Bg) \
a(l — Ble”
< - .
Cr= (1 (1+ Dy)? ) Co

When ¢t > W(By), we obtain that

s (i- 20 e,

When t > %log %’,We obtain that
a(l-8)

<[([1—-——% < d;.

e (15 o) =

Therefore, the first claim in 23)) follows.

Definel; = {tg <i<t—1: ps <dotand Iy = {txc <i<t—1: p; > d3}, we know that
|I| = |I1| + |I2|. Notice that for ¢ € I, we have that py — 1 < 62 — 1 < 0 since d < 1 and the
function w(z) defined in (]E[) is decreasing for —1 < x < 0 from (a) in Lemma Hence, we have
that 0, w(pi —1) > > i w(d2 — 1) = w(d2 — 1)|11]. Similarly, we have that for ¢ € I, we
have that p; — 1 > d35 — 1 > 0 since d3 > 1 and the function w(z) is increasing for = > 0 from (a)
in Lemma B.3| Hence, we have that >, ; w(p; —1) > >, w(d3 — 1) = w(d3 — 1)|I2]. Using
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(63) from Proposmon- we have that '~ bw(pi —1) < U(By) + 2302} o Di forany ¢t > 1.
Therefore, we obtain that

t—1 t—1
U(Bo)+2) Di>> wlpi—1)>> wBi—1)+ Y w(Bi—
i=0 i=0

— i€l i€ls
> w(bg — V[I1| +w(d3 — 1)|[I2| > min{w(dz — 1),w(d3 — 1) (11| + [12]),

which leads to the result

B U(By) 42312 D;
[ =Ih]+ k] < min{w(d2 — 1), w(d3 — 1)}

_s, <\p( By +23 D,) < (W) + 200(w(B0) + 2O,
=0

(75)

where 4 = and the last inequality is due to (74).

1
min{w(d2—1),w(d3—1)}
C.6 Proof of Theorem

First, we prove the following result:

flae) — flz) < deto + 07 ¥ (Bo) + Jg Zt ! D;
f(l‘o) _f(w*) o t ’

(76)

We choose the weight matrix as P = V2 f(z,) throughout the proof. Taking the sum from 0 to ¢ — 1
in inequality (32)) of the Proposition[B.2] we obtain that

ti log COSQ(éi )+ Z gl Vi > 1 77)
2%, 08 ) =5

Z Z

Notice that “y’“ — Wisd® < ||Ji|| < 1+ D; where J; is defined in (@) with P = V2 f(x.) and we

s]sI

use (@0) from Lemma@ Therefore, we have that
1:[ cos? (6
i=0

where cos(0;) is defined in (26). Recall the definitions in (Z7) and the results in Lemma we have

5 i1 [EA _
7‘1’(30)“’22:0 (1777?7§1> > eflll(Bo)fz:;é Di' (78)

t—1

qufﬂﬁ > 9te~2Xizo Di, (79)

Recall the definition of the set [ = {to < i <t —1: p; ¢ [62,03]} and define the set I = {t; <
i <t—1: p; €[02,03]} for any t > to. Then, we have that

t—1 to—1
l_IﬁinZ - H plnl lenl sznz (80)
1=0 i€l iel
From Lemma|B.1] we know p; > a and 72y > 1 — 3 for any ¢ > 0, which lead to
= 1 ;
piny > (1 - p) = 27067“’ 18 za0=7y (81)
i=0
[[5i > [[a(l - B) = e85
pin; = o]
el i€l (82)
> ie—m log 55i=77 > Le—&; (\II(BO)+2 SiZ8 Ds ) log 52i—55
— 2l = ol ;
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where the second inequality holds since log 5 ( 3 > 0 and the last inequality holds since (73)
from the proof of Lemma Notice that when index i € I, we have C; < &; from Lemma-and

€ [0, 03]. Applying Lemma and Lemma we know that for ¢ € I, ; = 1 satisfies the
Armijo-Wolfe conditions (§), (6) and we have p; > 1 — 1+D D - 0and fy; > m from (62).
Hence, we obtain that

Hﬂn>i (2 — )
bt = o1 pi (14 Di)pi

iel i€

= )—, (83)
I .
2‘ icl pi

1+ D; 1 R o [ - 1+ D;

~i

where the last inequality holds since ﬁ > e Di, Using the fact thatlogz > 1 — %, we obtain

H(Q_ 1+Di)l :Helog(2fl+D‘) log pi >He HMD “loers
iel pi pi iel iel
_ H 62;);1111 %7 —log pi _ H epi71710;;Pi+2(;;i;iiilfzéfi7(1flogpi)Di

el il

w(pi—=1)+2(1—p;) log p; —(1—log p;) D;

—2(p;j—1)logp;—(1—log p;)D;
— | |e 2p;—1-D; | Ie 2p;—1—D;

icl icl
2(p;—1)log p;4+(1— log pi)D; 2(pi—1)log p;+(1—logda)D; _2(p7;—1)10g p;+(1—logda)D;
— He 2p;, —1—D > | I e 25,—1-1/16 — | I e 255, —17/16 ,
iel iel il

(84)
where the second inequality holds since w(p; — 1) >0 and the third inequality holds since p; > do

duetoi e Tand C; < §; < M2w(32) D; = Zw_l( C’i) < % due to i > tg andLemma
Notice that 2p; — 1 — D; > 205 — 1 — 1—6 > 0 for all ¢ 6 I since p; > 65 > %.

When p; > 1, using log p; < p; — 1, (b) in Lemmaand pi < 93 duetoi € I, we have that
(pi — 1)log p; < (pi —1)* < 2piw(p;i — 1) < 265w (p; — 1). (85)

Similarly, when p; < 1, using logp; > 1 — %, (¢) in Lemmaand p; > 6aduetoi € I, we have

. 1)2 )
(Pim D7 ot 1) <1+ Syw(p— 1), (86)

i — 1) log p; < <
(pi —1)logp > o 5

Combining (84), (83) and (86), we obtain that

1 + D 2(p;j—1)log pj+(1—log 52)D; 2(p;—1)logp; (1—logdy)D;
H(2 He 265 —17/16 :He 255—17/16 He T265-17/16
iel iel iel iel
_2(pj—1)logp; _2(pg—1)logp; (1—-logéy)D,
— H e 205—17/16 H e 205—17/16 He 255 -17/16
i€l,p;<1 i€l,p;>1 iel
201+ 5)w(p; —1) 453w (p;—1) (1-log 63)D;
> H e 262-17/16 H T 255,-17/16 He T265—-17/16 (87)
iel,p;<1 iel,p;>1 icl

2+ 45 —log
3 _ _1)_ (zlogda) _
— e 25— 17/16 2ier, ;<1 w(pi—1)— 35, -17/16 Ziel,pizl w(pi—1) 255,-17/16 2erD

(1—log &5)
> 6_65 (Zief,ﬂi<l W(Pi—l)""ziei.pizl w(pi_l))_252701g7/216 Z'iETD

(1—log 63)
— 6755 Yierwlpi—1)— 252717/21:6 2ier D
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2+ 2 . . .
where d5 = max{ 25271‘572/16, 252f‘i37/16 }. Combining (83)) and (87), we obtain that

[Lo > e =2 [l 252

iel iel pl
1—logd t— 2855 —81 —log é t—1
> 17 e =053 erwlpi—1)— (1+252 1g7/2i6)zzef P> e =05 302 Ow(m - 362—1717/5322 D;
— 2] - 2|1\
285 —1/16—log 5
> 1 *55<‘1’(30)+22f 1D> e e Y125 D
= om© !

(88)
where the last inequality is due to (63) from Lemma[B.3] Combining (80), (BT), (82) and (88), we
obtain that

to—1

t—1
Hﬁinz - H pznz sznz sznz
=0

el el

1 —54 (\P(B,O)+2 iz D ) log za(ll—ﬁ)

> ie to 10g 5ari—gy
— 9to III

5 t—1 255—1/16—log & t—1
1 6_55(‘11(BO)+QZ¢:0 Di)_zmszﬁwz D;
ol

1 1, (to 108 0=y +(64 108 5ori—gy +05) W (Bo)+(204 log 5oy +205+ 222100892 57071 D, )
=5

(89)
Leveraging (78), (79), (89) with (@9) from Proposition [B.6 we prove that

f@e) — flan tilAAAcoszéi ak cos? +
fgxo))—f((x*))< 1( pigimi m(, )> = 1<szquzH = >

i=0 v i=0

= 2—1/16—log§ t
(1 _tolos 2(1(1176) +(1+84 log 200175) +65)W(Bg)+ (24284 log 2(1(117[3) 265+ 2 252/ 17/1"§ 2)>t2i by )
—e 7

)

56t0+57\P(BO)+582t 5 Di :
=|1—¢e"

< <5ﬁt0+57‘11( 0) + 08 >ico 1D>

where the inequality is due to the fact that 1 — e~® < x for any & € R and g, 7, dg are defined in
(23). Hence, we prove that for any ¢ > t,

f(xt) - f(x*) < (1 e 56f0+57‘1’(1§02+5s $iZ4 D )t dgto + (57‘11(30) + g Zt ! D;
flxo) = flas) — - t

(90)
From (74) in Theorem [3:3] we have that
t—1
_3(14 Dy)?
D; < Dy | ¥(B —_— . 1
; < 0<(O)+ a0 F) o1

Therefore, combing the above inequality with (90), we prove that

o) = fx.) _ [ dato+0r%(B )+5gzt o Di
flxo) = flz.) ~

) ~ t
futo + 07 (o) + 8Dy (W(By) + L0201
t
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D Proof of Iteration Complexity

We treat the line search parameters o and ( as absolute constants. The first linear rate from
Theorem [3.1]leads to the global complexity of

- 1
O(W(Bo) + (1 + Do)’ log -) (92)
The second linear rate from Theorem [3.3]leads to the global complexity of
- _ 1
O(¥(By) + (¥(Bo) + (1 + Do)*) Dy + log =) (93)

where the first term is the number of iterations required to reach the linear rate in (I8). For the
analysis of the superlinear convergence rate, we denote that

Q= W(Bo) + (¥(Bo) + (1 + Do)*) Do
From Theorem [4.3] we have that

which leads to

* Z

Q+4/92 +4Qlog X
T, > 5 .

Hence, we have that

1 T, Q+\/QQ+4Qlog% 1 1 logl
log— =T,log — >T.,1 >T,.1 - - <1,
Oge OgQ_ 8 2Q 8 2+ 4+ Q
which implies that
log 1
T, < LI
1 1 log ¢
10%(2+\/4+Q>
Hence, to reach the accuracy of €, we need the number of iterations ¢ to be at least
log 1
O( = )- %94)

log (% + i+ %log%)
Therefore, we prove the iteration complexity by choosing the minimal from (©2)), (93), and (94). For

the special case of By = al for a > 0, just replace W(By) and ¥(By) by A; and A, defined in (T6),
(20), respectively.

E Proof of Line Search Complexity

Proposition E.1. Suppose that Assumption holds. Consider the BFGS method with inexact line
search defined in (B) and (6)) and we choose the step size 1, according to Algorithm(l] At iteration t,
denote N\, as the number of loops in Algorithm[l|to terminate and return the 1, satisfying the Wolfe
conditions @) and (6). Then A, is finite and upper bounded by

B+ 2Dt>)
08—«
+2log, (1 +logy (2(1 — a)(1 + Dy)) + max{logy pr, log, %})'

1—
A <2+ log, (1+ (
95)
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Algorithm 1 Log Bisection Algorithm for Weak Wolfe Conditions

) = 0, e = +o00

Require: Initial step size n(®) = 1,7
1: for i :0,1,2,...d0

2 if f(a + nWdy) > f(x;) + anDV f(x;) " d; then
3: Set 77,(71;{;) = and n(lH) = nfﬁ}m
4: if nmm = 0 then
5. (i+1) _ 211
: it = (3)
6: else
7. N0+ = oSk n (Y
8: end if
9: elseif Vf(x; +7Wd;)"d; < BV f(x;)" d; then
10: Set 777(5;%) = nﬁn)a and 777(2;1) 77( 0)
11: if nithe = oo then
12: ’]’](H_l) _ 221+1,1
13: else
e g = DD
15: end if
16:  else ‘
17: Return 7
18:  endif
19: end for

Proof. Please check Proposition K.2 in [42]. The only difference is C; is replaced by D, defined in
. O

We can prove the line search complexity in Proposition [5.1] using result from Proposition[E. 1] We
have that

1<~ 1< (1—B)(1+2D;)
= - AN <2+ - logy (1 +

t ; t ; ( 08—« )

p 1
+ n zjlog2 (1 +log, (2(1 — @)(1 + D;)) + max{log, p;, log, p—})

i=0 v

(96)

Using Jensen’s inequality, we have that

1 (1—B)(1+2D;) 1-B  2(1-B)3iZy D
;ZlogQ(l—&— Foa )<log2(1+ﬁia+ PRl ) 97)

t—1

1 1
n Z log, (1 +log, (2(1 — @) (1 + D;)) + max{log, p;, log, p—})
i=0 ‘
1 t—1 = 1
< log, (1 +1ogy2(1 —a) + 5 > logy(1+ Dy) Z max{log, pi,log, - }) 98)
=0 =0
t—1 t—1
D 1
< log, (1 +log, 2(1 — @) + log, (1 + 2izo Di t Z max{log, p;, logy — o })
1=0
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‘We also have that

= = t—1 1
n z max{log; p;, 10g2 } =3 Z logy pi + Z log, —
= i=0,p:>1 i=00<p;<1 P
= t—1 t—1 = ]
=< D logpits D> logpit Y. logm— o > oz — (99
i=0,p:>2 i=0,1<p;<2 i=0,3<pi<1 C N O
= t—1 ]
§2+¥' Z logy pi + Z IOgZEa
1=0,0,>2 i=0,p; <1
where the inequality is due to log, p; < 1 for p; < 2 and log2 < 1forp; > 5. Using the definition
of w and (b) in Lemma|[B.3] we obtain that
1 log, e = log, e =
oD ompi=—2 3 legpi=—2— Y (pi—1-wlpi—1))
i=0,p;>2 i=0,p;>2 i=0,p;>2
logy e« 2p; log e pi+1
<= Y (el =) —w(p - 1) = = Z 1 -1 100
i=0,p>2 P i=0,p>2
3log, e !
B % Y wlpi—1)
1=0,p; >2
Similarly, using (c) in Lemma B3] we obtain that
t—1 t—1 t—1
1 1 log 1 log, e
t Z logy — tz Z log — = t2 Z (Wlpi = 1) +1—pi)
i=0,p; <% pi i—0p<t P i=0,p; <%
log, e = 1+ p; log, e = 2
<RS- D+ el - 1) = 2 Y wipi—1)  (101)
‘ —pi o L=
1=0,p:<3 1=0,p;<3
4log, e =
< % Z w(pi —1).
i=0,p;< 3
Combining (99), (I00) and (TOT), we prove that
= = t—1 1
n Zmax{logQ pi;1ogy *} <2 Ty Z logy pi + Z log, o
i=0 i=0,p;>2 i= 1 v
’ Opiss (102)

4 t—1
4log26t 6 »
< 2+f2w(p,— -1 < 2+t<\II(B0)+2;Di)~

=0
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where we use the fact that w(p; — 1) > 0 for any i > 0 and the last inequality is due to (63) in

Proposition[B.T1] Leveraging (96), (97), (08) and (102)), we have that
1-8 2(1-8) ¥ 1D
Ar <2+ log, (1 )

LS 2 om +Bfa+ 8-« t

Zt lD 6 B t—1

+ 2log, (3—|—log22(1—a)+log2 (1+ =202 S w(By) 23 D)
=0
§2+log2(1+ (ﬁ_a)zt:D)
+210g2(10g216 1—a)+log, (1+ 2o tlDi)+6‘I/(BO)+1QZt o Di )
§2+log2(1+ (ﬁ—a)zttlD>
+2log, (1og2 16(1 — o) + log, (1 + 6 (By) + 1427 I p, )

Using from the proof of Theorem[3.3] i.e.,

t—1 4 B 3(1+D0)2
§DZ < Dy (\I/(B0)+ o= B) ) .

We prove the line search complexity as

r U(By) +T
A =0 <log(1 + ?) + loglog(1 + (Ot)—i_)>

where -
' = O (Do(¥(Bo) + (1 + Do)?))
For the special case of By = al for a > 0, just replace ¥(By) and ¥(B,) by A; and A, defined in

(T6), (20), respectively.

F Proof of Strong Self-Concordance

Consider the log-sum-exp function defined as f(x) = log (3, exp(c; z — b;)) + 3 >i 4 (¢ x)2,
we have that V f(z) = 1 mic; + > i, (¢] x)c; where m; = % and V2f(z) =
j=1 X CJ- T—0j

S (mi4 e — (O mici) (Yo, mic;) T From proof in [48], this log-sum-exp function is
strictly convex. Moreover, we also need to prove that this function is strongly self-concordant. Notice
that, with respect to the operator B = Y " | ¢;¢/, T, this function f is strongly convex with parameter 1
and its Hessian is Lipschitz continuous with parameter 2 (check example 1 of [49ﬂ) Hence, using
results from Example 4.1 in [17], the log-sum-exp function is strongly self-concordant.

The proof of that the logistic regression function f(z) = + vazl In(1+ efyizjz) without [y
regularization is strongly self-concordant is almost the same. It has the similar structure with the
log-sum-exp function f(z) = log(}> ., eci obi i)+ 23" (¢ )% Notice that in our BFGS
method, we use the line search scheme such that we always have f(z;) < f(zo) for any ¢t > 0.
Hence, the iterations generated by BFGS method with weak-Wolfe line search conditions always
stay in the bounded set {z|f(z) < f(xo)} where xg is the initial point. In this bounded set, the
logistic regression functlon is strongly convex and its Hessian is smooth with respect to the operator
matrix B = ZZ 1 %% . According to the Example 4.1 from that greedy quasi-Newton paper, if a
function is strongly convex and its Hessian is smooth with respect to some matrix B, then the function
is strongly self-concordant. Hence, the logistic regression function is strongly self-concordant.
Similarly, for the hard cubic function, we can show that it is strongly convex and its Hessian is
Lipschitz smooth with respect to some operator matrix B and therefore the hard cubic function is
also strongly self-concordant.

'N. Doikov and Y. Nesterov. Minimizing uniformly convex functions by cubic regularization of newton
method. arXiv, 1905.02671, 2019
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Figure 5: Convergence rates of BEGS with different By, gradient descent and accelerated gradient
descent for solving the hard cubic function with different dimensions.

G Additional Numerical Experiments

Additional numerical experiments on the hard cubic function and the logistic regression for different
dimensions are presented in figures [5and [} The empirical results of the performance of different
optimization methods for the hard cubic function with respect to the number of gradient evaluations
and the time in seconds are in Figures[7]and[8] Additional numerical results of the values of the step
sizes of BFGS method are in Figure[9] Additional results of the performance of different optimization
methods with transformation matrix are in Figure[10} The convergence performance of BFGS method
is similar to the empirical results from Figures|[T} 2| [3] and d]in section [6]
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Figure 6: Convergence rates of BFGS with different By, gradient descent and accelerated gradient
descent for solving the logistic regression function with different dimensions.
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Figure 7: Convergence rates of BEGS with different By, gradient descent and accelerated gradient
descent for solving the hard cubic function with respect to the number of gradient evaluations.
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Figure 8: Convergence rates of BEGS with different By, gradient descent and accelerated gradient
descent for solving the hard cubic function with respect to the time in seconds.
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Figure 9: Step size of BFGS with different By using inexact line search for solving the hard cubic
function with different dimensions.
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Figure 10: Convergence rates of BFGS with different By, gradient descent and accelerated gradient
descent for solving the hard cubic function with transformation matrix A.
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